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Quantum effective action for degenerate vector field theories
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Hermann-Herder-Straße 3, 79104 Freiburg, Germany
We calculate the divergent part of the one-loop effective action in curved spacetime for a particular
class of second-order vector field operators with a degenerate principal part. The principal symbol
of these operators has the structure of a longitudinal projector. In this case, standard heat-kernel
techniques are not directly applicable. We present a method which reduces the problem to a non-
degenerate scalar operator for which standard heat-kernel techniques are available. Interestingly,
this method leads to the identification of an effective metric structure in the longitudinal sector. The
one-loop divergences are compactly expressed in terms of invariants constructed from this metric.
PACS numbers: 04.60.-m; 04.62.+v; 11.10.Gh; 11.15.-q; 98.80.Qc
I. INTRODUCTION
Perturbative calculations in quantum field theory, es-
pecially in curved spacetime, are efficiently performed
by a combination of the background field method and
the heat-kernel technique [1–13]. Major advantages are
manifest covariance in each step of the calculation as
well as universality in the sense that the formalism can
be applied to fields of arbitrary spin and internal bun-
dle structure. For the minimal second-order operator,
a closed algorithm for the calculation of the one-loop
divergences, proposed by DeWitt, is available [1]. For
more general nonminimal and higher-order operators a
generalization of DeWitt’s algorithm was developed by
Barvinksy and Vilkovisky [9]. The main idea of the gen-
eralized Schwinger-DeWitt technique is to reduce the cal-
culation of more complicated operators to the known case
of the minimal second-order operator by an iterative pro-
cedure which is based on the expansion of the Greens
function around the principal part of the operator. How-
ever, in the case where the principal part is degenerate,
direct application of the generalized Schwinger-DeWitt
method fails [9, 14, 15]. In gauge theories, not only the
principal part of the associated fluctuation operator is
degenerate; the gauge symmetry implies that the total
operator is degenerate. The gauge degeneracy can be re-
moved by a proper gauge fixing which, in general, not
only removes the degeneracy of the total operator but at
the same time removes the degeneracy of the principal
part. In particular, in many cases the gauge freedom is
sufficient to choose a particular simple, minimal gauge.
In these cases the generalized Schwinger-DeWitt tech-
nique becomes applicable again.
There are, however, many interesting models—gauge
as well as nongauge theories—which lead to fluctuation
operators for which the degeneracy of the principal part
cannot be removed. This happens, for example, in softly
broken gauge theories where no gauge fixing is available
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and in higher-derivative theories, where only some of the
degrees of freedom are propagating with higher deriva-
tives. Particularly relevant models where this is the
case are f(R) gravity and the generalized Proca field in
curved spacetime, which both provide the basis of many
important cosmological applications. The renormaliza-
tion structure of these models and their one-loop diver-
gences on an arbitrary background were investigated in
Refs. [14, 15].
For the explicit calculation of the one-loop divergences,
various methods were developed to overcome the difficul-
ties associated with the degenerate principal part. The
degeneracy of the principal part is inextricably linked
with its nonminimal derivative structure. The simplest
class of operators with nonminimal principal part are vec-
tor field operators. A systematic classification of vec-
tor field operators according to their degeneracy struc-
ture has been developed in Ref. [15]. The present article
completes this classification by adding a class of vector
field operators with nonminimal principal part without
a Laplacian. Vector field theories which lead to such
a fluctuation operator feature nonwavelike equations of
motion; see Ref. [16] for a discussion of these operators
in the context of the heat kernel. The heat-kernel tech-
nique for more “exotic” operators has also been studied
previously in Ref. [17].
In this article, we derive the divergent part of the one-
loop effective action for the longitudinal vector field op-
erator in a closed form. A particularly interesting feature
is that the result is compactly represented in terms of ge-
ometrical invariants constructed from an additional met-
ric structure which emerges naturally from the potential
part of the vector field operator.
The paper is structured as follows: In Sec. II, we intro-
duce the class of degenerate vector field operators consid-
ered in this article. In Sec. III, the one-loop divergences
are calculated in a closed form. In Sec. IV we check our
result by an alternative method of calculation for a spe-
cial case. We conclude in Sec. V and give a brief outline
of future generalizations of the obtained results.
2II. THE LONGITUDINAL VECTOR FIELD
OPERATOR
The class of degenerate vector field operators consid-
ered in this article arise, for example, from the following
Euclidean action functional for a vector field Aµ,
S[A] =
1
2
∫
M
d4xg1/2
[
(∇µA
µ)
2
+MµνA
µAν
]
. (1)
Here, ∇µ is the torsion-free covariant derivative compat-
ible with the spacetime metric gµν on the d = 4 dimen-
sional manifold M. If not otherwise indicated, deriva-
tives ∇µ always act on everything to their right. The
generalized mass tensor Mµν is assumed to be symmet-
ric and positive definite. The Hessian Hµν(∇) of Eq. (1)
defines a second-order differential operator,
Hµν(∇
x)δ(x, y) =
δ2S[A]
δAµ(x)δAν (y)
= g1/2
(
−∇xµ∇
x
ν +Mµν
)
δ(x, y) . (2)
The superscripts, which we will suppress in what follows,
indicate that the covariant derivatives act at the point
x. The delta function is assumed to be a scalar density
of zero weight in its first argument and of unit weight at
its second argument. The natural metric on the space of
vector fields is given by
γµν := g
1/2gµν . (3)
Note that γµν includes the density factor g
1/2. It defines
the inner product on the space of vector fields
〈A,A〉1 :=
∫
M
d4x γµνA
µAν . (4)
We define the fluctuation operator with natural index
positions as
Fµν (∇) :=
(
γ−1
)µρ
Hρν(∇) = −∇
µ∇ν +M
µ
ν , (5)
where
(
γ−1
)µν
= g−1/2gµν is the reciprocal of γµν and
Mµν = g
µρMρν . The linear operator F naturally acts as
the matrix Fµν on the space of vectors A
µ. We denote
such linear operators in boldface and only resort to the
explicit components Fµν if necessary. In this compact
notation, the vector operator (5) reads
F(∇) =∇†∇+M, (6)
with ∇† being the adjoint of∇ with respect to the inner
product (4). The operator (5) has a degenerate principal
part
D(∇) :=∇†∇ . (7)
The associated principal symbol, obtained by the formal
replacement ∇ → in with a constant vector n, has the
structure of the projector Π‖ = n
†
n/n2 onto the longi-
tudinal mode of Aµ and n2 := nµn
µ:
D(n) = n2Π‖, detD(n) = 0 . (8)
In other words, the operator (6) has zero eigenvalue
eigenvectors, and the associated Greens function cannot
be obtained as a perturbative expansion in M,
1
D +M
=
1
D
−
1
D
M
1
D
+ · · · . (9)
The particular type of degenerate vector operator (6)
where the principal symbol has the structure of a lon-
gitudinal projector (8) has not been included in the clas-
sification scheme of Ref. [15] and is discussed in what
follows.
III. ONE-LOOP DIVERGENCES
The divergent part of the one-loop effective action for
the operator (6) is obtained from
Γdiv1 =
1
2
Tr1 lnF|
div
. (10)
Here, the functional trace Tr1 is performed over vector
fields Aµ. By a sequence of formal manipulations, we
reduce the vector trace to a scalar trace, corresponding to
the propagating longitudinal mode. The divergent part
of the one-loop effective action then reads
Γdiv1 =
1
2
Tr1 ln
(
∇
†
∇+M
)∣∣div
=
1
2
Tr1 lnM|
div +
1
2
Tr1 ln
(
1+∇†∇M−1
)∣∣div
=
1
2
∞∑
n=1
(−1)n−1
n
Tr1
(
∇
†
∇M
−1
)n∣∣∣div
=
1
2
Tr0 ln
(
1 +∇M−1∇†
)∣∣div
=
1
2
Tr0 lnFs|
div
. (11)
Here we have used the cyclicity of the trace and the rule
Tr log (L1L2)|
div
= Tr logL1|
div
+ Tr logL2|
div
(12)
for two linear operators L1 and L2. We have also used
the fact that the functional trace over the generalized
mass tensorM does not contribute to the divergent part
Tr1 lnM|
div
= 0. In the last equality, we have defined
the formally self-adjoint scalar operator
Fs(∇) := −∇µ
(
g˜−1
)µν
∇ν +m
2 , (13)
where we have introduced a new metric
g˜µν :=
Mµν
m2
. (14)
3Here, m is an auxiliary constant parameter with the di-
mension of mass, introduced to make g˜µν dimensionless.
Thus, the formal manipulations in Eq. (11) by which the
vector trace is converted into a scalar trace, naturally
induces a second metric structure for the longitudinal
scalar which is constructed by the generalized mass ten-
sor Mµν . The positive definiteness of Mµν implies that
the reciprocal
(
g˜−1
)µν
exists. From now on, we raise and
lower indices exclusively with
(
g˜−1
)µν
and g˜µν . The met-
ric g˜µν uniquely defines a torsion-free, metric compatible
covariant derivative ∇˜µ with the connection
Γ˜ρµν =
1
2
(
g˜−1
)ρσ
(∂µg˜σν + ∂ν g˜µσ − ∂σg˜µν) . (15)
The two covariant derivatives ∇˜µ and ∇µ differ by the
difference tensor
δΓρµν := Γ˜
ρ
µν − Γ
ρ
µν
=
1
2
(
g˜−1
)ρσ
(∇µg˜σν +∇ν g˜µσ −∇σ g˜µν) . (16)
The new metric g˜µν and the covariant derivative ∇˜µ sug-
gest to define the Laplacian
∆˜ := −
(
g˜−1
)µν
∇˜µ∇˜ν . (17)
For the Laplacian acting on a scalar, we have
∆˜ = −
(
g˜−1
)µν
∇˜µ∇˜ν
= −
(
g˜−1
)µν
∇µ∇ν +
(
g˜−1
)µν
δΓρµν∇˜ρ. (18)
The coefficient of the last term can be written as
(
g˜−1
)µν
δΓρµν = −
[
∇µ
(
g˜−1
)µρ]
− 2W ρ , (19)
where we have defined
Wµ := g˜
−1/2∇µg˜
1/2 =
1
2
∇µ ln g˜, (20)
with g˜ := det g˜µν and W
ρ =
(
g˜−1
)ρµ
Wµ. The scalar
operator (13) then formally acquires the structure of a
minimal second-order operator:
Fs = ∆˜ + 2W
ρ∇˜ρ +m
2 . (21)
By changing covariant derivatives ∇˜µ → Dµ = ∇˜µ+Wµ,
we can absorb the term linear in derivatives and obtain
the Laplace-type scalar operator
Fs(D) := −D
2 + P , (22)
with the scalar potential
P = m2 +
1
4
(
g˜−1
)µν
(WµWν + 2∇µWν)
= m2 + g˜−1/4
(
g˜−1
)µν
∇µ∇ν g˜
1/4 . (23)
The one-loop divergences for a general minimal second-
order operator of the form −D21+P in d = 4 are known
in closed form
Γdiv1 =
1
2
Tr ln
(
−D21+P
) ∣∣∣div
= −
1
32pi2ε
∫
M
d4x g1/2 tr a2(x, x) , (24)
where the coincidence limit of the second Schwinger-
DeWitt coefficient up to total divergences is given by
a2(x, x) =
1
180
(
RαβγδR
αβγδ −RαβR
αβ
)
1
+
1
2
(
P−
1
6
R1
)2
+
1
12
RαβR
αβ . (25)
The bundle curvature Rµν vanishes for a scalar field ϕ,
[Dµ,Dν ]ϕ = Rµν(D)ϕ = 0 . (26)
The one-loop divergences (10) for the longitudinal vector
field operator (5) reduce to the evaluation of the func-
tional trace of the scalar operator (22). We obtain the
final result by substituting the scalar potential (23), the
bundle curvature (26), and the metric (14) into the gen-
eral formulas (24) and (25), and by performing the inter-
nal scalar trace tr1 = 1:
Γdiv
1
= −
χ(M)
180ε
−
1
32pi2ε
∫
M
d4x g˜1/2
[
1
60
R˜µνR˜
µν
+
1
120
R˜2 −
1
6
R˜P +
1
2
P 2
]
. (27)
We have expressed the final result in terms of the geomet-
rical invariants constructed from the metric g˜µν , which
is directly related to the generalized mass tensor Mµν .
In Eq. (27), we also traded the square of the Riemann
tensor for the Gauss-Bonnet term
G˜ := R˜µνρσR˜
µνρσ − 4 R˜µνR˜
µν + R˜2 . (28)
The integral over the the Gauss-Bonnet density g˜1/2G˜ is
equal to the Euler characteristic χ(M) in d = 4,
χ(M) :=
1
32pi2
∫
M
d4x g˜1/2G˜ . (29)
Since χ(M) is a topological invariant of the manifoldM,
it is independent of the metric g˜µν and therefore of the
generalized mass tensor Mµν .
The result in Eq. (27) shows that one-loop divergences
for the longitudinal vector field operator (5) can be ex-
pressed in a closed and compact form in terms of geomet-
rical invariants constructed from the generalized mass
tensor Mµν . This might be a surprising result at first
glance, as Mµν enters the final result in a nonpolynomial
way. However, the presence of the generalized mass ten-
sor is the characteristic feature of the theory in Eq. (1)
and the reason for the contributions of the transversal
4vector degrees of freedom to the one-loop divergences.
Despite the longitudinal projector structure of the prin-
cipal part, the generalized mass tensor induces a mixing
between transversal and longitudinal degrees of freedom
and distinguishes the vector theory (1) from a pure scalar
field theory. This point is discussed in more detail in the
next section.
IV. CROSS CHECK
We perform a simple cross check of the result (27) for
the special case where the generalized mass tensor re-
duces to the ordinary mass term Mµν = m
2gµν . In this
case, the scalar potential (23) reduces to P = m2, and
the geometric invariants are defined with respect to gµν .
Consequently, the one-loop divergences (27) reduce to
Γdiv
1
= −
χ(M)
180ε
−
1
32pi2ε
∫
M
d4x g1/2
[
1
60
RµνR
µν
+
1
120
R2 −
1
6
Rm2 +
1
2
m4
]
. (30)
This result can be obtained also in a different way. Per-
forming the decomposition of the vector field
Aµ = Aµ⊥ +A
µ
‖ , (31)
into a transverse part ∇µA
µ
⊥ = 0 and a longitudinal part
Aµ‖ = g
µν∂µϕ with the longitudinal scalar field ϕ, the
action (1) reads
S[A⊥, ϕ] =
∫
M
d4xg1/2
[
ϕ
(
∆2 +m2∆
)
ϕ
+m2gµνA
µ
⊥A
µ
⊥
]
. (32)
In terms of the generalized field
φA =
(
Aµ⊥
ϕ
)
, (33)
the fluctuation operator acquires a block matrix form
F =
(
m2δνµ 0
0 ∆2 +m2∆
)
. (34)
Only some of the relativistic degrees of freedom of the
vector field Aµ are propagating with higher derivatives.
Here, the longitudinal scalar ϕ propagates with fourth-
order derivatives, while the transversal part Aµ⊥ does not
propagate. This is a result of the special projector struc-
ture of the principal symbol (8) and the fact that the
generalized mass tensor Mµν = m
2gµν is ultralocal, co-
variantly constant, and has trivial index structure. The
Jacobian for the transition to the differentially constraint
fields Aµ → (Aµ⊥, ϕ) is obtained from
〈A,A〉1 = 〈A⊥, A⊥〉1 + 〈ϕ,∆ϕ〉0. (35)
It has the block matrix structure
J =
(
δµν 0
0 ∆
)
. (36)
The fact that the block matrices in Eqs. (34) and (36)
are diagonal is also a consequence of the special case
Mµν = m
2gµν . Hence no mixing between A
µ
⊥ and ϕ oc-
curs. The divergent part of the one-loop divergences is
given by
Γdiv1 =
1
2
Tr lnF|
div
−
1
2
Tr lnJ|
div
. (37)
The functional traces of the block operators splits into a
sum of transverse and scalar traces for the block opera-
tors corresponding to the diagonal components. Since the
transversal part is not propagating, the transversal traces
do not contribute to the one-loop divergences. Moreover,
the scalar part of the operator F factorizes to ∆(∆+m2)
and partially cancels the contribution of the scalar opera-
tor ∆ from the Jacobian. The final result for the one-loop
divergences of the action (1) is therefore given by that of
a massive scalar field:
Γdiv
1
=
1
2
Tr0 ln
(
∆+m2
)∣∣div . (38)
Inserting the scalar operator ∆+m2 into the general for-
mulas (24) and (25), and using the fact that Rµν(∇) = 0
for a scalar field ϕ, the result obtained from Eq. (38) co-
incides with the reduction (30) of the general result (27)
for the simple caseMµν = m
2gµν . This shows again that
in the general case, where the block operators (34) and
(36) are not diagonal, the transversal vector field degrees
of freedom contribute to the one-loop divergences due
to the mixing with the longitudinal degrees of freedom
induced by the generalized mass tensor Mµν .
V. CONCLUSION
We calculated the one-loop divergences for a class of
second-order vector field operators with degenerate prin-
cipal part for which standard heat-kernel techniques are
not directly applicable. By a formal manipulation of the
vector trace (11), the calculation could be reduced to the
evaluation of the functional trace for a minimal second-
order scalar operator (22). During this procedure, an ad-
ditional effective metric structure (14), essentially given
by the generalized mass tensor Mµν , arises in a natural
way. The resulting one-loop divergences are expressed
compactly in terms of curvature invariants constructed
from this additional metric (27). Therefore, the gener-
alized mass tensor enters the one-loop divergences in a
nonpolynomial form. The origin of this rather surprising
result is traced back to the particular degeneracy struc-
ture of the fluctuation operator. For a relativistic field,
this happens if the principal part is degenerate but the
total operator is not. The degeneracy of the principal
5part, in turn, necessarily requires a particular nonmin-
imal derivative structure. The situation becomes more
transparent if formulated in terms of the irreducible de-
composition of the field. In this case, the fluctuation
operator generally becomes minimal but matrix valued,
and the degeneracy manifests itself in a singular principal
matrix. This means that only some components of the
relativistic field propagate with higher derivatives. The
standard methods are still applicable in case the different
components decouple, but they fail if these components
are coupled in the lower-derivative parts of the fluctua-
tion operator.
In the case of the vector field operator considered in
this article, this becomes evident in the context of the
special case, discussed in Sec. IV. For a general ten-
sor Mµν , the matrix-valued fluctuation operator for the
transversal and longitudinal components of the vector
field (34) would contain off-diagonal terms in the lower-
derivative part. These off-diagonal elements lead to the
aforementioned mixing between the transversal and lon-
gitudinal components. Only in case the generalized mass
tensor reduces to the ordinary mass term Mµν = m
2gµν ,
the total fluctuation operator is block diagonal and the
two components decouple. A particularity of this case
is that the transversal component is not propagating. A
similar but complementary situation arises in the context
of the generalized Proca field, where the roles are reversed
and the longitudinal mode is not propagating [15]. In this
sense, the present analysis completes the classification of
vector field operators introduced in Ref. [15].
The method of Eq. (11) is not only restricted to second-
order vector field operators but can be generalized to
higher-order operators and higher-spin fields. In fact, a
similar technique has been applied to the fourth-order
tensor field operator arising in f(R) gravity [14]. The
fluctuation operator has a degenerate principal part with
a product structure similar to that of the vector field op-
erator (7). Beside these similarities, a crucial difference
to the vector field operator (6) is the structure of the
lower-derivative part. In contrast to the generalized mass
tensor, the lower-derivative part of the f(R) operator is
a minimal second-order operator [14]. In this case, the
analogue of the procedure (11) requires additional care
[14].
The particular degeneracy structure of the fluctuation
operator discussed in this article is generically present in
softly broken gauge theories. The quantization of such
theories has been discussed recently in the context of vec-
tor field and tensor field models [15, 18, 19]. The same
type of degeneracy also arises in models of massive grav-
ity [20–22], cosmological Galileon models [23–26], and
generalized Proca models [15, 27, 28]. The identification
of effective metric structures is also an essential technical
feature of the heat-kernel method for anisotropic opera-
tors developed in Refs. [29–31]. Such operators emerge
in theories without fundamental Lorentz invariance and
are of particular importance for the renormalization of
Horˇava gravity [31–38].
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